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Summary

Context:
• Sampling from a softmax distribution is fundamen-

tal in ML, but exact sampling scales linearly with the
number of items, making it impractical at large scale.

•Two-level softmax (2LS) sampling is a popular
alternative enabling sublinear-time sampling. Assuming
items are partitioned into clusters, 2LS first samples a
cluster and then an item within it.

In this paper:
•We show that 2LS introduces systematic sampling

biases by misweighting clusters, ignoring cluster size
imbalance and intra-cluster similarity dispersion.

•We propose two adjusted sampling methods:
Size-Corrected 2LS (S-2LS) and Size- and Dispersion-
Corrected 2LS (SD-2LS).

•We prove that S-2LS and SD-2LS correct these biases,
providing better softmax approximations with
negligible to non-existent computational overhead.

• Experiments on five large-scale datasets validate the
improved sampling properties of these methods.

Source code on GitHub:
• github.com/twolevelsoftmaxanon-creator/2ls

I - Softmax Sampling

Setup: We consider a set of N items I = {1, . . . , N}, each
with embedding xi ∈ Rd, and a query q ∈ Rd.

Goal: Sample items according to their similarity to the
query q, measured by the dot product q⊤xi.

Softmax Sampling (with temperature τ > 0): popular
in ML, but scales linearly w.r.t. N , making it impractical in
large-scale settings, e.g., music recommendation at Spotify:

∀i ∈ I, p(i | q) =
exp

(
q⊤xi/τ

)∑N
j=1 exp (q⊤xj/τ )

∈ [0, 1].

II - Two-Level Softmax (2LS) Sampling

Setup: The item set I is partitioned into K < N disjoint
clusters {C1, . . . , CK}, e.g., using K-means. For each cluster
Ck, we define its centroid as µk = 1

|Ck|
∑

i∈Ck
xi ∈ Rd.

2LS Sampling: first samples a cluster index k ∈
{1, . . . , K}, using a softmax over centroids, and then an
item i ∈ Ck within the selected cluster:

p2LS(k | q) = exp(q⊤µk/τ )∑K
k′=1 exp(q⊤µk′/τ )

for k ∈ {1, . . . , K},

p2LS(i | k, q) = exp(q⊤xi/τ )∑
j∈Ck

exp(q⊤xj/τ )
for i ∈ Ck.

• Enables sublinear-time sampling, up to O(d
√

N).
• Factorizes sampling: p2LS(i | q) = p2LS(k | q) p2LS(i | k, q).
• Samples over the full set I, in contrast to top-k softmax.
• Closely related to IVF indexing and hierarchical softmax.
•Widely adopted in real-world applications.

III - Size- and Dispersion-Corrected 2LS (S-2LS, SD-2LS) Sampling

S-2LS Sampling: a corrected 2LS procedure that accounts for cluster size imbalance when sampling clusters:

pS-2LS(k | q) = |Ck| exp(q⊤µk/τ )∑K
k′=1 |Ck′| exp(q⊤µk′/τ )

for k ∈ {1, . . . , K}, then pS-2LS(i | k, q) = exp(q⊤xi/τ )∑
j∈Ck

exp(q⊤xj/τ )
for i ∈ Ck.

SD-2LS Sampling: further accounts for intra-cluster item-query similarity variance σ2
k(q) = Varx∼Dk

(q⊤x/τ ):

pSD-2LS(k | q) =
|Ck| exp

(
q⊤µk/τ + 1

2σ
2
k(q)

)∑K
k′=1 |Ck′| exp

(
q⊤µk′/τ + 1

2σ
2
k′(q)

) for k ∈ {1, . . . , K}, then pSD-2LS(i | k, q) = pS-2LS(i | k, q) for i ∈ Ck.

IV - Theoretical and Experimental Analysis of S-2LS/SD-2LS vs 2LS Sampling

Theoretical Analysis: we introduce the sampling ratio R
(N)
i (q) = p2LS(i|q)

p(i|q) w.r.t. exact softmax and show that:
• 2LS systematically misweights clusters by ignoring cluster size imbalance and intra-cluster similarity dispersion.
• S-2LS corrects the first bias at 2LS complexity. SD-2LS corrects both biases with negligible O(d2

√
N) overhead.

Experimental Analysis: we highlight 2LS biases and S-2LS/SD-2LS corrections on five large-scale datasets:
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Sampling ratio on VK-LSVD (τ = 0.1) as a function of cluster size, averaged over queries. Standard 2LS undersamples large clusters and
oversamples small ones relative to softmax (R(N)

i (q) ̸= 1, p-value p < 0.01), while S-2LS and SD-2LS correct these biases.
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Sampling ratio on VK-LSVD (τ = 0.1) as a function of intra-cluster item-query similarity variance, averaged over queries. The effect is entangled
with cluster-size bias for 2LS; S-2LS corrects the cluster-size bias but not the variance bias, isolating the latter and revealing that high- (resp.,
low-) variance clusters are undersampled (resp., oversampled) relative to softmax (R(N)

i (q) ̸= 1, p-value p < 0.01).
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Sampling probability on VK-LSVD (τ = 0.1) per item as a function of query-item similarity for a fixed query. 2LS assigns widely different
probabilities to items with identical similarity to the query, while S-2LS and SD-2LS markedly reduce this dispersion.

Sampling fidelity KL(papprox ∥ pexact) w.r.t. softmax, averaged over 1000 queries with 95% CIs. More results on fidelity/latency in the paper.


